A brief overview of Forman's discrete Morse theory is presented, from which analogues of the main results of classical Morse theory can be derived for discrete Morse functions, these being functions mapping the set of cells of a CW complex to the real numbers satisfying some combinatorial relations. The discrete analogue of the strong Morse inequality was proved by Forman for finite CW complexes using a Witten deformation technique.
INTRODUCTION
Robin Forman proposed and developed a discrete Morse theory for finite cell complexes, which is closely analogous to the classical, smooth Morse theory, but has the benefit of being simple and easy to calculate with. Forman gives a very readable summary of the theory in [7] .
The key difference between discrete Morse theory and the smooth theory is that it deals with discrete Morse functions, which are functions from the set of cells of a CW complex to the real numbers, instead of a smooth function on a manifold. Analogous to the concept of a critical point is that of a critical cell of a complex, and one can go on to define analogues of the gradient vector field and the Morse complex.
Why examine discrete Morse theory? The chief benefit from a practical point of view is ease of computation; that is, it allows the algorithmic construction of discrete Morse functions on CW complexes (see for example the flat MorseWitten function construction in [8] ). Further, the combinatorial nature of the with equality when k is the dimension of the manifold. An identical relation holds in the discrete case on a finite cell complex, when m k is defined to be the number of cells of order k that are critical under the discrete Morse function.
This inequality for discrete Morse theory was proved by Forman using both a geometrical argument, and by the use of the Witten deformation technique. It is this deformation technique that is applied in later sections to derive strong Morse inequalities for discrete Morse theory on certain classes of infinite CW complex.
Novikov and Shubin in [14] extended the standard strong Morse inequalities to an L 2 Morse inequality, which relates the Morse numbers to L 2 Betti numbers:
von Neumann dimensions of the homology spaces of a covering space. In [13] , this result is extended to produce asymptotic L 2 Morse inequalities for Morse 1-forms.
The analogous discrete case considers an infinite CW complex X with a finite cellular domain under the free and cellular action of a group ?, and a discrete Morse function f on the cells of X which is almost ?-invariant, that is, the associated gradient vector field of f commutes with the ?-action and f provides a representation of ? into R + by 7 ! exp k where k = f( )?f( ) is constant for all cells .
The L 2 Morse numbers m (2) i are defined to be the von Neumann dimensions of the spaces generated by the critical i-cells in the complex, while the L 2 Betti numbers b (2) i of X are the von Neumann dimensions of the homology spaces of the L 2 chain complex C (2) (X). As the exponential map e tf used in the Witten deformation technique is not in general a bounded operator, the derived inequalities relate the Morse numbers to deformed L 2 Betti numbers b (2) k (t) for t 0. The deformed L 2 Betti numbers are the L 2 Betti numbers of the chain complex C t (X), which is identical to C (2) (X) save for the boundary operator, which is the normal boundary conjugated with e tf . The inequalities obtained are m (2) k ? m (2) k?1 + m (2) 0 b (2) k (t) ? b (2) k?1 (t) + b (2) 0 (t) t 0;
with equality when k = dimX (Proposition 3.2.) When f is a ?-invariant function, e tf induces a chain isomorphism and the deformed L 2 Betti numbers are constant, b (2) i (t) = b (2) i (Proposition 3.1).
In the last section, we study a discrete analogue of a question due to Gromov:
if f is a ?-invariant discrete Morse function on X, then can one give quantitative lower bounds for m (2) p ? We will give an answer to this question in this section, using the extended category of Farber [5] (see also [12] ). In particular, we will
show that if zero is in the spectrum of the Laplacian on L 2 p-chains on X, then m (2) p > 0 for any ?-invariant discrete Morse function f on X, even if b p = 0 and b (2) p = 0, so that the positivity of m (2) p does not follow from the classical discrete Morse inequalities or from its L 2 analogue from the earlier sections. We also study the same question for almost ?-invariant discrete Morse functions f, obtaining an asymptotic lower bound for m (2) p in this case.
The results of this paper form an extension of results in the thesis of the second author [17] under the supervision of the first author.
PRELIMINARIES 1.CW complexes
Let X be a CW complex. We will generally denote the set of cells by K, and in particular the set of p-cells
The characteristic map (D k ; S k?1 ) ! (X (k?1) ; X (k?1) ) will be written as .
The associated chain complex
Let C (K) denote the chain complex associated with the oriented CW complex X with cells K. We will write the boundary operator as
where : ] denotes the incidence number of the cell with . Note that : ] is zero if 6 < .
The chain complex can be given the structure of an inner product space by taking coefficients in R and taking the p-cells as an orthogonal basis for each C p . One then has h@ ; i = : ]. One can also then look at the adjoint of the boundary operator @ : h@ (p) ; (p+1) i = h ; @ i. This allows the definition of the combinatorial Laplacian
It is notationally convenient to regard @ as a matrix operator, acting by left multiplication on chains, considered as elements of a vector space with basis K.
Elements of the matrix will be indicated through the use of subscripts, such that h@ ; i = @ ; = : ]:
In terms of this notation, one has @ ; = @ ;
; 0 = X @ ; @ ; 0 + X @ ; @ 0 ; :
Different choices of orientation for the CW complex give rise to isomorphic chain complexes [3] .
Regular faces
It is useful to distinguish between regular and irregular faces; regular faces enjoy some properties that are crucial to the definition later of a discrete Morse function. Forman [9] 
DISCRETE MORSE THEORY
In [9] and [8] , Forman develops a combinatorial analogue of Morse theory for CW complexes. The concept of a Morse function is replaced by a discrete (or 'combinatorial') Morse function, which assigns a real number to each cell of the complex and satisfies some combinatorial conditions. Results are obtained for these functions which correspond to the fundamental theorems of Morse theory.
This section presents a brief summary of the elementary part of Forman's development of discrete Morse theory, so that it might subsequently be extended to an L 2 version.
Discrete Morse functions
The fundamental definition of the theory is that of a discrete or combinatorial Morse function. (p) an irregular face of (p+1) =) f( ) < f( ), 2. for each cell (p) , there is at most one (p+1) > such that f( ) f( ), and at most one (p?1) < such that f( ) f( ).
The concept of a critical cell corresponds to that of a critical point in Morse theory.
A critical p-cell is also termed a critical cell of index p. 
This essentially shows that at most one cell can prevent a cell from being critical.
For every CW complex there is at least one discrete Morse function, f : (p) 7 ! p, for which every cell is critical.
Equivalence of discrete Morse functions
The geometry associated with a discrete Morse function lies in the ordering it imposes on the cells. This leads to the definition of an equivalence relation on functions from the set of cells of a CW complex to the reals. 
It is easily seen that any such function that is equivalent to a Morse function is itself a Morse function, and that the relation preserves critical points.
A particular variety of discrete Morse functions -the Witten-Morse functions as defined by Forman in [8] -are crucial to constructions in later sections. Suppose V f = V g , and let (p) and (p+1) be two faces with
Definition 2.6. A cell is a rest point of V if V = 0 and 6 2 imV .
The rest points of V f are exactly the critical cells of f.
Note that not every combinatorial vector field corresponds to a discrete Morse function; Forman ([9, section 9]) provides a necessary and sufficient condition for a combinatorial vector field to have an associated discrete Morse function: For discrete Morse functions on a finite CW complex, the Morse numbers correspond to the dimensions of the spaces generated by the critical cells. However the dimensions of these spaces need not be finite if the CW complex is not finite.
We The inner product is defined in the usual manner, with h ; 0 i = 0 and extending linearly. The boundary operator on chains on X restricts to a bounded operator @ on L 2 chains on X. Let ? be a discrete group acting freely and cellularly on X, and such that there exists a finite cellular fundamental domain for the action of ? on X. Then the C (2) i form examples of L 2 ?-modules, and moreover (C (2) In the category H ? the image object of a morphism is the closure of the setimage. In the following, im will refer to this categorical image imf = im Set f:
Armed with this terminology, the reduced homology H (2) (X; R) is defined as H (2) (X; R) = ker @= im@ = ker @=im Set @: The number of cells such that @ ; 6 = 0 is finite (lemma 3.8). So the set is finite.
As @ t ; = @ ; e t(f( )?f( )) , this demonstrates that @ t is a bounded operator. With a well-defined deformed complex C t we can now define the analogue of the twisted L 2 Betti numbers of [13] . It is known that for any ?-invariant operator A acting on l 2 (?) C k that comes from the group algebra C(?), dim ? ker A is rational when ? is an elementary amenable group, or the extension of such a group by right orderable groups. There is a conjecture (see for example Linnell [11] ) that every finitely presented group has this property. For such a ?, the deformed Betti numbers b (2) p (t) will be rational. Coupled with their upper semi-continuity in t, one has that the b (2) p (t)
are constant except at countably many points.
The asymptotic Morse inequality can be stated in terms of these b (2) p (t). 
Derivation of the combinatorial Morse inequalities
The von Neumann dimension used to define the L 2 Morse and Betti numbers behaves similarly to the usual dimension defined for vector spaces, the chief difference being that it is real or infinite valued. These properties allow the direct application of a well-known result of linear algebra to these ?-invariant subspaces (see [16] .)
with equality when V n = 0 for all n > k. 
; =) E(!)C E( )C = E(! )C and ! =) E(!)C E( )C,

if commutes with a continuous linear operator f : C ! C, then E(!)
commutes with f, 3 . E(f0g) is the projection onto ker .
In order to more easily apply the machinery of spectral analysis, it is convenient to regard L 2 ?-complexes as Hilbert spaces. Proof. All that needs to be shown is that imf is a graded space and that im@j im f imf.
As the p i commute with f, one has imf = p i imf and p i imf \p j imf = ; for i 6 = j.
Let f denote the projection from C to imf. Then as @ and f commute, @ and f commute. One thus has f @ f = 2 f @ = f @ = @ f , and so ensuring that im@j im f imf.
Recall that two L 2 ?-complexes (C; @), (C 0 ; @ 0 ) are said to be chain homotopy equivalent if there is a chain morphisms f : C ! C 0 , g : C 0 ! C and morphisms T : C i ! C i?1 8i 0, S : C 0 i ! C 0 i?1 8i 0 such that g f ? I = @T + T@ and f g ? I = @ 0 S + S@ 0 . Thus armed, we arrive at the following result.
Lemma 3.6. Let E be the spectral decomposition of : C ! C, and let ! Rwith 0 2 !. Then E(!)C forms a chain subcomplex of C which is chain homotopy equivalent to C. In particular, H (E(!)C) = H (C).
Proof. Let i ! : E(!)C ! C P ! : C ! E(!)C denote the inclusion and the projection morphisms. Observe that P ! i ! = I and that i ! P ! = P ! . Define G = ?1 (I ? P ! ) : C ! C, where we observe that is invertible on the range of the projection (I ? P ! ), and we set G = 0 on the range of the projection P ! . Then G is a morphism which commutes with @ and @ and we compute I ? P ! = ?1 (I ? P ! )
This establishes the claimed chain homotopy equivalence.
Suppose now that C is the L 2 ?-complex associated with a CW complex X, and that X has a finite cellular domain under the ? action. Let f be an almost ?-invariant Witten-Morse function on X and construct the deformed chain complexes C t as before.
The deformed Laplacian on C t is defined in the expected way: t = @ t @ t + @ t @ t : As before, let R refer to the subspace of C that is generated by the critical cells of X. Let R 0 denote its orthogonal complement. We seek bounds on h t c; ci for c in R and R 0 .
First, some bounds on the incidence numbers and numbers of faces within the CW complex need to be determined.
The closure-finiteness condition for a CW complex ensures that for any p-cell , f (p+1) : > g is finite. The existence of a finite cellular domain is sufficient to ensure that f (p?1) : < g is also finite, as shown in the following lemma. Proof ? acts freely, so the closure-finiteness condition implies that I is finite for all 2 G. #N = P 2G #I , so N is also finite.
For each p-cell then, there is a bound on the number of (p ? 1)-cell faces and the number of (p + 1)-cells of which it is a face. By virtue of the cellular domain being finite, a global bound can be found by taking the maximum of these values over the cells in the cellular domain. This global bound will be termed B, B = max 2K #f : @ ; 6 = 0 or @ ; 6 = 0g:
As one would expect, the incidence numbers @ ; are also bounded. With these bounds at our disposal, examine j@ t ; j.
From @ t ; = @ ; e t(f( )?f( )) , and that V f = implies : ] = 1 ( must be a regular face of ) one gets j@ t ; j = As we are interested in the situation where t becomes large, there is no danger in assuming that t is sufficiently great that t < 1: If this is not the case, both j@ t ; j and j@ t ; j are at most t , so their product is at most ( t ) 2 < t . Similarly the terms @ t ; @ t 0 ; of the second sum have an absolute value of at most t when 6 = 0 . When = 0 is critical, both j@ t ; j and j@ t ; j are at most t . Each term in the sums is a square and thus greater than or equal to zero and at most 2t < t . If = 0 is not critical, then there will exist exactly one (p?1) < (p) or (p+1) > (p) such that V f = or V f = . Hence there will be exactly one term in the expression for t ; 0 that is greater than or equal to one. As each term is a square, the other terms will have values between zero and 2t , as in the critical case.
Note that in each of the sums, the number of non-zero terms must be bounded by B. Recall theorem 2.2, which states that every gradient vector field V with bounded V -paths is the gradient of a Witten-Morse function. Let f be a ?-invariant discrete Morse function. As f can take only a finite number of values, and as the value of f must decrease strictly along V f -paths, it follows that all the V f -paths are bounded. Therefore f is equivalent to a Witten-Morse function f 0 , which by Forman's construction ( [8, Theorem 1.4] ) is also ?-invariant. Recall further that f 0 ?-invariant implies that the chain map e tf 0 is a chain isomorphism from C t to C , and thus the deformed L 2 Betti numbers b (2) p (t) are simply the L 2 Betti numbers b (2) p .
Applying the strong asymptotic Morse inequality to the equivalent WittenMorse function f 0 of a ?-invariant discrete Morse function f therefore gives us the non-asymptotic inequality (proposition 3.1) as a corollary.
THE DISCRETE MORSE-FARBER TYPE INEQUALITIES
Our goal in this section is to study a discrete analogue of a question due to Gromov. If f is a discrete ?-invariant Morse function on X, can one give quantitative lower bounds for m (2) p ? We will give an answer to this question in this section. In particular, we will show that if zero is in the spectrum of the Laplacian on p-forms on X, then m (2) p > 0 for any discrete ?-invariant Morse function f on X, even if b p = 0 and b (2) p = 0, where the positivity of m (2) p does not follow from the classical discrete Morse inequalities or from its L 2 analogue from the earlier sections.
The extended category of Farber
Farber in [5] and [6] constructs an abelian category called the extended category of Hilbertian modules, which is constructed from the morphisms of the category of Hilbertian modules through a technique first suggested by Freyd in [10] . (Lück constructs an equivalent category using a different technique in [12] .) This extended category naturally breaks down into projective and torsion components; the projective part has the von Neumann dimension as an invariant, while a Novikov-Shubin invariant (see [15] ) is associated with the torsion part. Further, a new independent integer invariant -the 'minimal number of generators' -can be associated with an object in this extended category.
Apart from its utility in allowing a homological treatment of the NovikovShubin invariants, the minimal number of generators invariant gives a new Morselike inequality for smooth Morse functions on a closed manifold. Let A-be a finite von Neumann algebra. The torsion objects of E(A) are the objects ( : A 0 ! A) with A = (A 0 ). These generate a full subcategory T (A) of E(A). There exist two contravariant functors T and H from E(A) to T (A) and H(A) respectively.
Chain complexes of Hilbertian A-modules can then be regarded as complexes in E(A). The homology H i of such chains in E(A) is well defined as E(A) is an abelian category. One can look at the torsion part of the homology T (H i (C)) and at the projective part P(H i (C)), which is identical to the familiar reduced homology H (2) i (C). .) Let X be an object of E(A). Then the minimal number of generators of X is denoted (X) and is the least integer for which there is an epimorphism from
Discrete Morse-Farber Inequalities
The following abstract theorem is due to Farber [5] , theorem 8.1. Proof. For ; t > 0, let W t ( ) denote the Witten complex. Then we know that dim ? W t i ( ) = m (2) i for t 0 (see section 3.3). Now we apply Theorem 4.1 with C = W t ( ); in the case when the conditions in part (2) are satisfied by f, we can make use of the fact that the complexes C t (X) and W t ( ) are bounded ?-chain homotopy equivalent for t 0 (Lemma 3.6). To obtain the asymptotic discrete Morse-Farber inequalities, we need to also show that the L 2 ?-modules W t ( ) are free for t 0. In the case when A is a factor since dim ? W t i ( ) = m (2) i for t 0 is an integer, we see that W t i ( ) is a free L 2 ?-module. One can use the factor decomposition of A to establish this fact in the general case.
If f is also ?-invariant, then C t (X) and C(X) are bounded ?-chain isomorphic by the morphism e tf for all t 0, therefore we obtain the discrete Morse-Farber inequalities.
